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According to Delsarte, Goethals, and Seidel, a nonempty subset X of the set of 
unit vectors in the real vector space UP of dimension d is called a tight spherical 
t-design if (i) Caifx W(a) = 0 for all homogeneous harmonic polynomials W(E) in 
iRd of degree 1,2,..., t, and (ii) I X J = (“i:;l) + (dz:yz), ] X J = 2 (“::;I) for t = 2e 
and t = 2e f 1, respectively. In this paper, we show that if t = 2e, e > 3 or t = 
2e + 1, e > 4, and if there exists a tight spherical t-design, then the dimension d 
is bounded by a certain function depending only on t. 
Let UP be the Euclidean space of dimension d, and let Ba be the set of 
unit vectors in Rd. A nonempty subset X of Qd is said to be a spherical 
t-design (in S,) if ColeX W(a) = 0 for all homogeneous harmonic polynomials 
W(a) in EF of degree 1, 2,..., ? or, equivalently, if the kth moments of X 
are constant with respect to orthogonal transformations of Rd for k = 0, 
1 ,***, t. (See Delsarte, Goethals, and Seidel[4].) The cardinality of a spherical 
t-design X is bounded from below, and Delsarte et al. [4] have proved that 
for t = 2e and t = 2e $ 1, respectively. The spherical t-design is called 
tight if any one of these bounds is attained. 
The existence problem of tight spherical designs has been studied by 
Delsarte, et al. [4]. In particular, they constructed some examples of tight 
spherical t-designs (in Qd with d 3 3) with t = 2, 3,4, 5, 7, and 11, and they 
proved the nonexistence of tight spherical 6-designs (in Qd, d > 3) by 
establishing a Lloyd-type theorem. (Note that the tight spherical t-designs 
in Sz, are the regular (t + l)-gons.) 
In the present paper we prove the following: 
THEOREM A. Let t = 2e, e > 3, or t = 2e + 1, e 2 4. If there exists a 
tight spherical t-design in Q d, then d < d(t), i.e., d is bounded by a certain 
function d(t) depending only on t. 
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This result seems to support the following conjecture slightly stronger than 
that of Delsarte et al. [4]: 
Conjecture. There exists no tight spherical t-designs in .52,, if d >, 3 
andt+1,2,3,4,5,7,11. 
Our proof of Theorem A is done by utilizing the Lloyd-type theorem 
established by Delsarte et al. [4]. Namely, we will analyze the location of the 
zeros of the (Lloyd-type) polynomials (i.e., certain Jacobi polynomials and 
certain Gegenbauer polynomials C,(X) to be explained below), by using the 
theory of Hermite polynomials. The reader may notice that the present 
approach is very similar to that of the author’s previous paper i2]. 
1. THE POLYNOMIALS R,(x) AND C,(x) 
For a fixed integer d > 3, we define the polynomials Qk(x), R,(x), and 
C,(x) (k = 0, 1, 2,...) as follows: 
Qk(x) := (d + 2k - 2)/(d - 2) Cp-2)‘2(x), 
&(x) := ,tO Qi(x) = (constant) . Pi”,“‘, p = +(d - 31, 
[gkl 
c,(x) := c Qk-&) = c?(x). 
i=O 
Here, P$s) is the usual Jacobi polynomial, i.e., 
P$yx) := F(-n, 01 + n, p; x), 
and C,“(X) is the usual Gegenbauer polynomial, i.e., 
G"(x) := n! Jp)) n 
e + 24 p(2v,v++) 
(J-y-q 
where F(, , ; X) is the Gauss’ hypergeometric function and P(x) is the gamma 
function. (For more details, see Szegij [7].) It is known that 
C&(x) = (--lP r(n + v)+n, yE + 
n! r(v) 
y 1 . xz) r2, , 
and 
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Note that 
Q*(l) = (” ;” ; ‘) - (” 1:: ; ‘), 
R,(l) = (” ;” ; ‘) + i” If ” 7 “), 
C,(l) = (“;t; ‘), for k > 1. 
Furthermore, note that f&(l) are all distinct for k = 0, 1, 2,..., because 
Qrt+~(l) > QdQ 
Our whole argument in the present paper is based on the following Lloyd- 
type theorem for spherical tight t-designs: 
THEOREM 1 (Delsarte, Goethals, and Seidel [4]). Suppose there exists 
a spherical tight t-design in fz, with d > 3. If t = 2e, then all the e zeros 
xX , x, ,..., x, of the polynomial R,(x) must be rational numbers. If t = 2e + 1, 
then all the e zeros x1 , x2 ,..., x, of the polynomial C,(x) must be rational 
numbers. 
Remark. Theorem 1 is proved in [4] somewhat implicitly. For an explicit 
proof of Theorem 1, see [4, Theorem 7.71 and the related parts in [4, 31. 
In particular, see [4, Remark 7.61 and [3, in Chap. 21. Also note that &(l) 
are all distinct for k = 0, 1, 2 ,.... The clue of the proof is that all the eigen- 
values (i.e., the P,(i)‘s in the notation of Delsarte [3]) of the intersection 
matrices of the association scheme (derived from the spherical tight design) 
must be rational integers, hence all the numbers &(i) (in the notation of 
Delsarte [3]) must be rational numbers. 
2. PROOF OF TEEOREM A FOR THE CASE t = 2e + 1, e >, 4 
Our proof of Theorem A for the case t = 2e + 1, e 3 4 depends heavily 
on the following deep result on diophantine equations due to Thue and 
Siegel (or on the stronger result due to Baker [l]). 
SIEGEL'S THEOREM (Siegel [6]). Let f(x) = u,x^ + a,.~“-~ + ..* + a, , a, 
are integers, a, # 0, and n > 3. If f(x) has at least three simple zeros 
(in the complex number jield), then the diophantine eguation y2 = f(x) has only 
finitely many integral solutions in x and y. 
BAKER'S THEOREM (Baker [I]). Let f(x) be as above. If f (x) has at least 
three simple zeros, then the absolute values of integral solutions x and y of 
y2 = f(x) are bounded efectively by an (explicit) function depending only on 
the coeficients ai (i = 0, l,..., n). 
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To begin with, we prove the following: 
PROPOSITION 2. If all the zeros x1, x, ,...,x, of Cy (x) are rational numbers, 
then the following diophantine equation (I) or (2) must have integral solutions 
in y (and d): 
y2= 1~3~5~~~(2n--l)(d+2n)(d+2n+2)~*~(d+2n+2(n-l)), 
if e = 2n. (K) 
y2=3~5~~~(2n+l)(d+2n+2)(d+2n+4)~~~(d+2n+2~2(n-l)), 
if e=2n+l. (2) 
Proof of Proposition 2. Suppose that all the zeros x, , x2 ,...: X, of C$“(x) 
are rational numbers. 
First suppose that e = 2n is even. Since C&(X) = (con&) . I?(---n, 12 -+ v, 
+$; x”), all the 2n zeros x, , X, ,..., x,, (= x0) of the polynomial F(X) : = 
8’(-n, n + d/2, $; x2) must be rational numbers. Note that 
F(x) = 1 - (‘I’) (d + 2n) x2 + & (;) * (d + 2n)(d + 2n + 2) x4 
-&($(d+2n)(d+2n+2)(d+2n+4)x6$... 
.*. (-KY 
1 
+ + 37. f 2) -.- 1 . 3 . . . (2n K) (3 td 2nXd _ 
.-I (d + 2n + 2(n - 1)) x2%. 
Suppose that x = a/b is a zero of F(X), where a and b are relatively prime 
integers. Then a2 must be a divisor of 1 . 3 . 5 * ‘.. . (2n - I), because if we 
multiply F(x) = 0 by 1 . 3 . ..a . (2n - 1) . b2%, then all the terms except for 
thefirstterm1.3+5....(2n-l).b2W are divisible by 8. Therefore, there 
exists a positive integer A such that A2 j 1 * 3 . 5 . ... . (2% - I) and xi = A/m, 
where mi are integers (i = 1,2,..., 2n). Now, by looking at the equation 
F(X) = 0, we get that 
(d + 2n)(d + 2n + 2) ... (d + 2n + 2(n - 1)) 
1 * 3 . 5 . ... . (211 - 1) 
On the other hand, since F(X) is an even function, F(xJ = 0 implies 
F(--x,) = 0. Therefore, 
film,, _(~~“,(d+2n)(d+2n+2)...(d+2n+2(n--l)). 
1 . 3 . 5 . *.* . (2n - 1) 
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Here we assume without loss of generality that X, ,..., x, are positive, and 
x n+1 ,***, x,, are negative. Now if we put 
y = $. fi @. 1 .3 .5. . . . . (28 - 11, 
i=l 
then 
and y must be an integer. Thus we have proved Proposition 2 for all even e. 
Next, suppose that e = 2n + 1 is odd. Since C.&+l(~) = (const) . x - 
F(-n, 12 + v + 1, #; x2), we obtain that there is a positive integer A such 
that A2 j 3 .5 . .-. . (2n + 1) and the 2n zeros x1 ,..., xzll of F(x) := F(-n, 
y2 + d/2 + 1, 4; x2) are equal to Xi = A/mi , where mi are integers (i = 1, 
2 ,**a, 2n). Similarly, we get 
fj F = td + 2-1 + 2W + 212 + 4) **- (d + 2n + 2 + 2(n - 1)) 
3 . 5 . ... * (2n + 1) 
Similarly, if we put y = nFZ1 mi/A (where rnls are positive), we get y2 = 
3 . 5 . . . . *(2n+I)(d+2n+2)(d+212+4).*.(d+2n+2+2(n- I)), 
and y must be an integer. This completes the proof of Proposition 2. 
Proof of Theorem A for the Case t = 2e + 1, e >, 4 
First, we assume that e > 6. Then, by Theorem 1, all the zeros x1, x2,..., X, 
of C,(x) (= C$“( x )) must be rational numbers. By Proposition 2, the diophan- 
tine equation(l) or(2)(inProposition 2) must have integral solutions in y and d. 
If we put f(d) equal to the right-hand side of Eq. (1) or (2), then f(d) is a 
[e/2]th degree polynomial in d ([e/2] > 3) and clearly satisfies the assumption 
of the Theorem of Siegel and the Theorem of Baker. Therefore, d is bounded 
by a certain function depending only on e (i.e., depending only on t). This 
proves Theorem A for e > 6. 
Next, suppose that e = 5. Then the number A (defined in the proof of 
Proposition 2) is equal to 1. Therefore, by Theorem 1, all the solutions in m 
of the equation 
m4 - g (d + 6) m2 + td + 6W + 8) = o 
3.5 
must be integers. Note that the above equation is obtained from x = l/m 
and p(x) (:== F(-2, 3 + d/2, 8; x2)) = 0. If we put d + 6 = d0 , then 
i.e., 
15m* - 10d,m2 + d,,(d,, + 2) = 0, 
d,,2 - 2(5m2 - 1) d,, + 15m4 = 0. 
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Since do must be an integer, 
(5m2 - 1)2 - 15m4 = 10m4 - 10mZ + 1 
must be a square of an integer. Again, applying the Theorem of Siegel 
(or the Theorem of Baker), we get that m is bon~ded by a certain constant 
number. This, in turn, implies that d must be bounded by a certain constant 
number. Thus we have proved Theorem A for e = 5 (and t = 11). (Note 
that from d = 24, we actually get an example of spherical tight 11-designs 
(cf. tm) 
Suppose that e = 4. Then, again A = 1, and all the solutions in m of the 
equation 
m4 - 2(d + 4)mz + (d + 4)(d 5 4)/3 = 0 
must be integers. Putting d + 4 = 4 , we get 
3m4 - 6d,,m2 + d,(d, C 2) = 0. 
Hence, 
(3m2 - 1)” - 3m4 = 6m4 - 6m2 f 1 
must be a square of an integer. Then, by the Theorem of Siegel (or the 
Theorem of Baker), m, and consequently d, must be bounded by a certain 
constant number. This completes the proof of Theorem A for t = 2e + 1, 
e 3 4. 
Remark. If one can show the impossibility of nontrivial integral solutions 
of Eqs. (1) and (2) (in Proposition 2), for all e > 6, then it will imply the 
nonexistence of tight spherical (2e + I)-designs (e 2 6) in QZd (d >, 3). This 
diophantine equation problem itself seems to be interesting. 
3. PROOF OF THEOREM A FOR THE CASE t = 2e,e 3 3 
Our proof of Theorem A for t = 2e, e 3 3 differs very much from the 
proof of Theorem A for t = 2e + 1, e 3 4, given in the previous section. 
Our approach in the present section is similar to that in the author’s previous 
Paper PI. 
Because of Theorem 1, we have only to prove the following: 
PROPOSITION 3. Let t = 2e, e > 3. If all the zeros x1 , xz ,..., X, of the 
polynomial R,(X) are rational numbers, then d is bounded by a certain 
function depending only on e. 
Before starting the proof of Proposition 3, we mention the following 
result due to Schur. 
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LEMMA 4. (Schur [5]). Leg 
H,(x) :== y’ (-1)” (g 1 * 3 .5 . *** * (2/.& - 1) x+-2fi 
LL=o 
be the Hermite polynomial of degree m. Then the polynomials 
x-~H&), H&4 ~-~.f&(x>, Ho(x),..., 
are all irreducible ouer the rational number field Q. 
COROLLARY 5. Let m > 4. Let & and & (si # 0, cl # &f2) be twozeros 
of H,(x). Then 1/fI2 - 1/t22 is not a rational number. 
Corollary 5 is easily derived from Lemma 4. 
Proof of Proposition 3. To begin, note that R,(x) = C&K) + C,&) = 
c*“(x) + C,2l(X). B 
First suppose that e = 2n is even. Then 
R,(x) = C!“(x) + C$$(x) 
= (con&) . (P(-rt, n + d/2, 4 ; x2) 
- 2n.x . F(-(n - l), y1 + d/2, f ; x2)}. 
Let us set 
qW = 4-n, n + d/Z 4; x2) - 2nx + F(-(n - l), II + d/2, $; x8). 
Then #(x) is a polynomial of degree 2n in x, and of degree n in d. Let x = l/z- 
Then $(z) : = z2n $(z) is a polynomial of degree 2n in z and of degree IZ in d.. 
Clearly x is a zero of #(x) if and only if z is a zero of $(z). We can write 
Clearly, aij = 0 if i + 2j > 2n. Let 
$m = $2&> + ?J2n-&) + .*. + 40(z), 
where 
?&> := ,,z==, at&j- 
Now, by noting that 
g c-1)” (“v) 1 .3.5. .r. (2v _ 1) = (--lP * 1 -3 .5 ?(!;2n - 1) ’ 
(3) 
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we easily get that 
$2nt4 = (-1)” 1 - 3z8;H,lrf’~~~~~ l) ) 
where H&c) is the Hermite polynomial of degree m defined in Lemma 4. 
Now, let & , E2 ,-, Ezn be the zeros of I&.,&). Let us introduce new variables 
ci by zi = d1i2/& + fi , where zi (i = 1, 2,..., 24 are the zeros of $(.z). 
Now, if d becomes sufficiently large (i.e., if d -+ + co), then ei approaches X, 
(i.e., E: -+ Ai), where 
(Note that $,&) := (d/dz) Q&&Z).) Since H&X) (:=(djdx) H&c)) = m - 
H,,&x), we have 
Now, the argument in the proof of Proposition 2 shows that there exists’ 
a positive integer A such that A2 / 1 -3 . 5 * .*. . (2n - 1) and that any 
zero z, of &z) is expressed as zi(==l/xi) = r.q/A, where mi (i = 1, 2,..., 24 
are integers. Since 4(z) is an even function, we may assume without loss of 
generality that z, = --z, and z, = --z, (zI f z3>. Since each z, is in Z/A = 
(G!A)I i E Zj, zl 5 z2 - z3 - z, lies in Z/A. On the other hand, if cb -+ + co, 
then zi -+ &fl/& - l/&“. Therefore 
z, + 2, - z, - 2, -+ -2(1/&2 - 1\E2”). 
From Corollary 5, 2(1/t12 - l/t2”) is not a rational number. In particular, 
2(1/512 - &2? is not contained in Z/A and is of positive distance with the 
subsetH/A. Therefore, d cannot become too large, i.e., d must be bounded by 
a certain function depending only on e. 
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Next, suppose that e = 2n + 1 is odd. Then 
R,(x) = c*&(x) + c:!“,(x) 
Let 
= (ckst) * ((n + d/2 . 2x * F(-n, tz + d/2 + 1, 4 ; 9) 
+ F(-n, n + d/2, 4 ; x2)}. 
#(x) = (n - d/2) . 2x . F(- n, n + d/2 + 1, 8; x2) + F(-n, n d/2, +; x2). 
Let x = l/z. Then d(z) : = zzn+l #(z) is a polynomial of degree 2n + 1 in z, 
and x is a zero of $J(x) if and only if z is a zero of d(z). Let 4(z) = Ca,i>O 
ui$dj, where aij E Q. Clearly aij = 0 if i + 2j > 2n + 1. Let $(z) = 
$2n+l(~) + $2n(z) + *.* + 8,(z), where &(z) : = Ci+2j=lc aijzidj. Now, we 
get (cf. formulas (3) and (4) above) 
and 
z2*+l . H,,(dll”/z) 
sL(z) = C-1)” . 1 . 3 . . . . . (2n _ 1) * 
Let tl , t2 ,-., ,& be the nonzero zeros of H2n+l(x). Then, if d + + 00, then 
2n zeros z, , z, ,..., z2% (among 2n + 1 zeros of $(z)) approach d1L2/& + Ai , 
where 
h. = ~,,w”%i) 
a &+,<d”‘“/&> 
w2/&)2n+1 . ff27d&) . (2fi + 1) = 
-2n . (dlP/&)““+l . (d1’2)2 . Hz&$) 
(d”‘“/EJ2 
Now, we may assume that e = 2n + 1 > 5 because the case e = 3 is 
already settled completely in [4, Theorem 7.71. Now, the same argument as 
before shows that z, + z, - z, - z, is in Z/A, where A2 1 1 .3 .5 . .*. * (2n - 1). 
But if d --f + co, then z, + 2, - z, - z, + -((2n + l)/~~)(l/&~ - l/E2”), and 
the limit is not a rational number. However, this is impossible, hence d is 
bounded by a certain function depending only on e. 
Thus, Theorem A has been completely proved. 
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Added in proof. While this paper was waiting to be published, improved results were 
obtained jointly by R. M. Damerell and the present author. As for the details, see the 
forthcomming two papers: Tight spherical designs, I (to appear in J. Math. Sot. Japan), 
and II (submitted for publication) by E. Bannai and R. M. Damerell. 
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